Femtosecond (fs) cylindrical vector beams (CVBs) have found use in many applications in recent years. However, the existing rigid generation methods seriously limit its development. Here, we propose a flexible method for generating fs-CVBs with arbitrary polarization order by employing half wave plates and vortex retarders. The polarization state, autocorrelation width, pulse width, and spectrum features of the input and generated CVB pulses are measured and compared. The results verify that the generated CVBs remain in the fs regime with no appreciable temporal distortion, and the energy conversion efficiency can reach as high as 96.5%, even for a third-order beam. As a flexible way to generate fs-CVBs, this method will have great significance for many applications.
Cylindrical vector beams (CVBs) have gained much interest because of their unique polarization properties [1, 2] . They have been widely applied and play an important role in many optical fields, such as optical trapping [3] [4] [5] , optical communications [6, 7] , laser fabrication [8] , imaging [9, 10] , and sensing [11] . In recent years, CVBs in the femtosecond (fs) field have been widely applied in processing, optical limiting, etc. [12] [13] [14] [15] , as a result of advantages that include ultrahigh peak power and ultrafast pulses. Generation of fs-CVBs has great importance for many fields of research and applications [16] [17] [18] [19] [20] [21] . For the generation of common CVBs, many methods have been proposed, including inserting laser intracavity devices [22] [23] [24] or applying devices with spatially variant polarization properties [25] [26] [27] [28] , such as Q-plate, axial birefringence, and dichroism. However, in these methods, high flexibility and energy efficiency are usually mutually exclusive, and a pulse width broadening is inevitable. Meanwhile, the processing difficulty sharply increases with higher polarization orders of CVBs, as polarization exhibits more complex spatial inhomogeneous distribution with increased orders [24] . In this work, fs-CVBs with an arbitrary order were flexibly generated with high energy efficiency and pure polarization properties from a linearly polarized beam by employing combined vortex retarders (VRs, Thorlabs Inc.) and half wave (1∕2λ) plates. Higher-order fs-CVBs, with odd and even, negative and positive orders, were experimentally generated by cascading VRs and 1∕2λ plates. The polarization, autocorrelation width, pulse width, and spectrum features of the original and generated pulse were measured and detected. The results verified that the fs-CVBs have a perfect polarization quality and remain in the fs regime with no appreciable temporal distortion. In addition, the energy conversion efficiency is higher than 96.5% for order of 3. This method is therefore verified as a flexible way to generate CVBs with arbitrary orders, and it will be a significant method for fs-CVBs' research in the future.
The schematic of the fs-CVBs' generation setup is shown in Fig. 1 , which shows the generation of a negative first-order (m ¼ −1) fs-CVB by applying a VR and two 1∕2λ plates. A mode-locked Ti:sapphire laser with a central wavelength of 800 nm was used as the source, with an original laser source pulse width of ∼37 fs. The laser beam is first expanded and collimated in front of the polarizer (P 1 ) to obtain a linearly polarized beam before contacting the VR. The VR is a specially designed 1∕2λ plate with a fast axis rotating continuously around the center (as shown in Fig. 1 ) with ultrahigh transmittance (>99%), whose Jones matrix can be derived as
where ϕ is the azimuthal angle. For a 1∕2λ plate, the Jones matrix is
where ϕ is the angle of the fast axis of the 1∕2λ plate with the x axis. Then, a complex ordered M m (m is a positive integer defining the polarization order of the CVB, with polarization rotations of m Ã 2π along the clockwise circle direction) can be obtained by coaxial combination of the VRs and 1∕2λ plates as follows:
Spontaneously, an incident linearly polarized beam can be converted into an mth-order CVB using the relationship
where the Jones matrices of the linearly polarized beam E l and the mth-ordered CVB E m are
where θ is the orientation of the incident linear polarization with respect to the x axis, and φ 0 is the inner polarization rotation of the CVB. Consequently, an incident linearly polarized beam that goes through a converter with a Jones matrix of M m , by a combination of the VRs and 1∕2λ plates, will be converted into an mth-order cylindrically symmetric polarized beam. As the fast axis of the VR exhibits asymmetrical spatial inhomogeneous distribution, CVBs with different polarization states can be obtained by rotating their orientation consecutively, from radially to azimuthally polarized, at each point. Polarization of the generated fs-CVBs can be directly observed using CCD cameras, after passing through a polarizer (P 2 ) and a neutral density filter.
CVBs with higher orders are slightly more complicated to generate, where the VR and 1∕2λ plates are used as the basic unit. An (m þ n)th-order CVB will be generated after adding n groups of 1∕2λ plates and VRs from the derivation of Eq. (3) after the already mth-order CVB. For instance, a third-order CVB is generated by inserting a 1∕2λ plate and a VR after the second-order CVB. Furthermore, the reversed process of reducing the order of CVBs also has great potential applications where demodulating signals are needed, such as optical communications. To generate lower-order CVBs, it is still convenient to obtain m-nthorder CVBs using incident mth-order CVBs passing through n numbers of VRs. It is noteworthy that the orientation of VRs should be accurately homocentric and regulated to be directed parallel to each other. In addition, the polarized state of output CVBs can be adjusted to an orthogonal polarization by rotating the polarized direction of the incident linearly polarized beam. For negative mthorder CVBs, two additional 1∕2λ plates are placed in front of the plates and after the mth-order CVB, respectively, as shown in Eq. (4). For instance, the negative first-order output fs-CVB is generated by adding a 1∕2λ plate in front of and after the VR, as shown in Fig. 1 .
To verify the capability of generating arbitrary-order fs-CVBs, different-order CVBs were realized by a combination of VRs and 1∕2λ plates. All of the intensity distributions of the CVBs were generally similar and donut-shaped, but with different radius ratios. Polarization features were detected by inserting a polarizer after the generated CVBs. When passing through polarizer P 2 , petal-shaped patterns were received by the CCD. The petal numbers N (N ¼ 2jmj, m is the order of the CVB) after a polarizer denote the absolute value of the CVB order. However, the patterns of negative and positive CVBs with the same order after passing through polarizer P 2 are the same; thus, further detection should be applied to distinguish the AEmth-order fs-CVBs, such as exciting surface plasmons on a metal surface [4, 29] or employing vortex phase elements [30] . Figure 2 depicts the polarization of the generated 800 nm fs-CVBs with different orders, where (a)-(d) are the polarization distributions of the first, second, third, and fourth-order fs pulsed CVBs, (e)-(h) show the intensity distributions of the CVBs, which are generally similar and donut-shaped but with different radius ratios, and (i)-(l) are the petal intensity distributions of the fs pulsed CVBs after the second polarizer (P 2 in Fig. 1) , as captured by a CCD camera. Figure 3 shows the corresponding petal intensity distributions of the third-order CVB after polarizer P 2 with different polarization angles (θ). The shape invariance of each lobe proves the highly polarized quality of the generated CVBs.
As fundamental physical quantities of the pulsed laser, the measured autocorrelation widths (FWHM) of the fs-CVBs with different orders are presented in Table 1 . Variation occurs with inserted wave plates in the optical path, and slight pulse broadening inevitably appears when Fig. 1 . Configuration of generation of negative first-order fs pulsed CVB. Any other orders can be generated by inserting the VR and 1∕2λ plates. The blue arrows in the subgraph are the direction of the VR's fast axis, and the black ones depict polarization of generated CVBs. the laser pulses pass through the dispersive components. The measured energy of each sampled beam is presented, and the efficiencies can reach as high as 96.5%, even for the third-order CVB. Figure 4 (a) shows a comparison of the original beam with the generated sample beams in the temporal domain. The pulse width of the laser source is ∼37 fs (assuming a Gaussian shape), and the pulse width broadened by several fs (<9 fs) for a single wave plate set (i.e., a 1∕2λ plate and a VR). Thus, both high flexibility and high efficiency can be maintained in our scheme. The spectra of the original beam and the thirdorder CVB with a central wavelength of 800 nm were further measured, as shown in Fig. 4(b) . The spectral profile of the third-order fs-CVB is very close to that of the input pulse, with only minor differences. These results indicate that the fs-CVBs can maintain fs pulse durations, even with the insertion of three wave plate sets in our scheme, with negligible spectral distortions.
In conclusion, we demonstrate a flexible method for the generation of CVBs in the fs regime with high pure polarization properties and energy transmission efficiency. A linearly polarized beam can be converted into arbitraryorder CVBs by combining VRs and 1∕2λ plates based on the Jones matrix derivation. The polarization is detected by passing through a polarizer to form petal-shaped patterns, and the invariance of the lobes proves the highly polarized quality of generated CVBs. Fundamental physical quantities of the pulsed laser, including the variation of the autocorrelation width, energy intensity, pulse width, and spectra, are further measured experimentally. The results indicate that the generated CVBs remain in the fs regime with insignificant spectral distortion, and energy efficiency can reach as high as 96.5%, even for the third-order CVB. This method provides a flexible way to generate arbitrary-order CVBs, and it has great potential for various applications.
This work was supported by the National Natural Science Foundation of China (Nos. 61138003, 61427819, 61422506, 61605117, and 61605142), the Science and Technology Innovation Commission of Shenzhen (Nos. KQCS2015032416183980, KQCS201532416183981, and JCYJ20140418091413543), and the start-up funding 
